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In  Summary 

In  this  report  we  consider  life  teats  which  are  trunoated  as  follows. 

n items  are  placed  on  test  and  it  is  decided  in  advance  that  the  experiment 

will  be  terminated  at  min  (X  , T ),  where  X is  a random  variable 

r0»n  o"  rQ,n 

equal  to  the  time  at  which  the  r0  °th  failure  occurs  and  T0  la  a truncation 

time,  beyond  which  the  experiment  will  not  be  run.  Both  r0  and  T0  are 

assigned,  before  experimentation  starts.  If  the  experiment  is  terminated 

at  X„  „ (lo6. , r failures  occur  before  time  T_)  then  the  action  in  terns 
r »n  o o 

o 

of  hypothesis  ’.esting  is  the  rejection  of  some  epeoified  null-hypothesis. 

If  the  experiment  is  terminated  at  time  T (i»®.,  the  ra  'th  failure  occurs 
after  time  TQ)  then  the  aotion  in  terms  of  hypothesis  testing  is  the  accept- 
ance of  some  specified  null-hypothesis.  While  trunoated  procedures  can  be 
considered  for  any  life  distribution,  we  limit  ourselves  here  to  the  case 
where  the  underlying  life  distribution  is  epeoified  by  a p.d.f,  of  the  ex- 
ponential form  f(acj9)  * i e”*^9,  x > 0,  9 > 0.  Two  situations  are  con- 

9 

s Ida red.  The  first  is  the  non-rep] acement  case  where  a failure  when  it  occurs 
during  the  test  is  not  replaced  by  a new  item.  The  seoond  ie  the  replace- 
ment case  where  failed  items  are  replaced  at  once  by  new  items  drawn  at 


(1)  The  practical  Justification  for  using  this  kind  of  distribution  as 
a first  approximation  to  a number  of  test  situations  ie  discussed 
in  a recent  paper  by  Davis  QIJ- 


.i  *"'V' 


.1 


f j»?i  Ilia  or.Lf i>  i •■■■ 


IV  I 


I")) 


Fir),  the  expected  number  of  observations  to  come  to  a decision;  S (T)9 

0 

the  expected  waiting  time  for  reaching  a decision;  and  L(9),  the  probubilit 
of  accepting  the  hypothesis  that  9 - 90  (90  being  the  valuo  associated  with 
tho  null-hypothesis)  when  9 is  the  true  value.  Some  procedures  are  worked 
out  for  finding  truncated  testa  masting  specified  conditions  and  a practical 
illustration  ia  given.  Detailed  tables  will  appear  elsewhere.  Truncated 
tests  considered  as  special  cases  of  sequential  procedures  will  also  be 
treated  in  another  place. 


II,  The  Derivation  of  a Truncated  Test  in  the  Non-Replacement  Caae 

Let  n items  drawn  at  random  from  a population  be  placed  on  life 

test.  Let  the  underlying  p.d.f,  of  life  be  of  the  fora  f(x;9)„  Iteme 

that  fail  are  not  replaced  and  the  experiment  is  truncated  at  time  ' 

min  {X  , T ),  where  X ia  the  time  when  the  r 'th  failure  occurs 
rQ,n  o rQ,n  o 

and  rQ  and  TQ  will  bs  taken  as  preassigned,  TQ  is  a truncation  time  beyond 

which  the  experiment  does  not  run.  If  we  define  F(T  }9)  in  the  usual  way 
C To 

aa  F(T  j9)  ■ \ f(xj9)  dx,  then  it  follows  at  once  that  the  probability 

0 ‘ -CP 

of  reaching  a decision  requiring  exactly  k failures  is  given  by 

(1)  Fr(r*kf 9)  - (J)  ?>(ToJe) ) k (>P(T0|9)j  n“k  , k - 1,  2,  ...»  rQ-l 
and 

r -1 

(2)  Pr(r»r  } ©)  • 1 - Pr(r»kf0)« 

0 k3> 


(2)  For  convenience  we  consider  the  variate  to  be  time.  It  is  perfectly  ' 
clear  that  it  can  be  other  things  depending  on  the  physical  application 
one  is  concerned  with.  Generally  the  variate  (e.  g, , If  it  is  time)  will 
be  non-negative. 


Further  the  expected  number  of  observations  to  reach  a decision  it  glvoo  ny 


« (r)  ” ]r  ?r(r®k'  9). 

'J 


The  formula  for  Eq(T),  the  expected  waiting  time  for  reaching  a decision  ie 
given  by 

n 

(4)  E (T)  - Z,  Pr*< r-ki  S)  Efl(Tl  r-k) 

e k-o  9 

r po“1  i n 

• T0  J-  Pr*(r-kj95  ♦ 2.  Pr«(r-k  8)E  (Xp  j r - k % 
K-0  - ■ k»r0  0 

In  (4),  Pr*(r-kil9)  - (£)J~P(T0je)3  l-F(T0}9)j  n‘k,  k - 0,  X,  2,  n. 

Suppose  the  t:- uncat- ion  rule  is  such  that  a hypothesis  HQ  associated  with 

9 * 9Q  ia  accepted  ii'  min  (X  .T0)  * Te,  t.e,,  in  the  particular  sample 

of  size  n.  the  waiting  time  required  to  observe  X , the  r (th  failure. 

ro>n’  o 

is  more  than  T0„  Then  if  1(0)  ie  defined  as  the  probability  of  accepting 

0 “ 9 when  9 is  true,  it  follows  that 
o 

rn^l 

(5)  L(9)  • |T  Pr(r*kj0)<, 

In  the  special  case  where  the  p.d.f,  of  the  life  of  items  is  given 

1 •x/0 

by  f(xj9)  “~e  , x > 0,  8 > 0,  the  formulae  (l)®(5)  become  substantially 

3 

simpler.  This  ie  in  particular  true  for  E9(f)B  For  the  exponential  density^ 
(1)  and  (2)  become 


Xt  should  be  noted  that  there  is  an  essential  difference  between 


Pr(r«k}S)  and  Pr*(r*kf9)  for  t < k < n.  Pr *-(r*k|  0)  is  simply  the 
probability  that  exactly  k outo?  n failures  will  occur  in  the  inter 
val  (0,  Tft)  while  Pr(r»k(9)  is  the  probability  that  a clfr-ieion  will 


be  reached  after  exactly  k failures  are  observed.  Clearly  from  the 
definition  of  the  truncation  prooadure  Pr(r»k*  9)  - Pr*(r**k!  9)  for 
0 < k < r0-l0  Further  Pr(r*k]  9)  ■ 0 for  r0  t 1 < k < n. 


J)  * 0$  1,  96  9 $ 


(1‘) 

and 

(2*) 


Pr(r-k!o)  - (£)£l  - 


^ Ty/Qj  k 


=(n-:jlo/u 


Mr-r^'i  9) 


poT1 
1-  £ 
k=0 


Pr(r«k1 9)* 


In  the  case  v.+iera  the  underlying  p.d.f,  Is  exponential,  (3)  becomes 
(3‘)  Ee(r)  • ^ k b(kjn8p9)  ♦ r0]jL  « b(kjn,pQ)]  , 


where 


C3’0 


-T JB  _ u n~k 

pg  - l-«  and  b(k|nspQ)  - (£)  pQ  (1  » * 

It  can  be  readily  shown  that  (3' ) simplifies  to 

®a(r)  ‘ npef  b(k,n-l,pa)]  * r^l-jr  b(kln,PJ. 


This  ia  in  a convenient  form  for  cailoulation.  Por  any  prw  assigned  n,  To» 
and  r0,  Eg(r)  can  be  found  easily  from  the  Binomial  Tables  £8^  or  the 
Tables  of  the  Incomplete  Beta  Function 

We  now  derive  a simple  formula  for  Eg(T)  in  the  exponential  case,. 

We  first  note  that  for  any  f(x?9),  EgCXj,  n),  the  expeoted  waiting  time  for 

o* 

the  rQ'th  failure,  is  given  by 

(6)  E a)  - Pr*<r-kj9)  Ir-k)  * ^ Pr*(r-k|e)  eq(X  { r-k)0 

9 o>  9 ro»n  k«r0  r ,n 

o 

Comparing  (4)  and  (6}  it  is  elear  that 

(7)  E9<X)  - V^.p5  * £ T.  - E9{Xr0,n  f ‘ 

Formula  (7)  is  perfectly  general.  Let  us  now  sake  use  of  the  properties  of 
an  exponential  p.d.f.  to  simplify  (7) » This  is  best  done  through  two  lemmas. 


Longa  It  If  Lie  underlying  p.d.f,  of  the  life  distribution  is  f(x;9)  ■*  =o 

9 

x ■>  0.  9 > 0,  then  the  conditional  expected  waiting  time  for  the  rQeth 
failure  in  a sample  of  size  n given  that  exactly  k failures,  Q < k < rQ-l, 
have  occurred  by  time  To  is  given  by 

(8)  ®Q(*r0>n  I " Tp  + EgC^.-j^n-k^  k ■ 1,  2,  oo.,  r0-l. 

m (8).  * &„«,  q I *lc,n  £ v Vl,n  2 *o>.  k - o.  1.  8.  ... 

ie  the  conditional  expeoted  waiting  tine  for  which  we  seek  a formula, 

Egfaj,  the  unconditional  expected  waiting  time  to  get  the 

o * 

(r0-k)‘th  failure  in  a rando»  sample  of  size  (n-k)„  The  proof  of  Leona  1 
follows  directly  from  results  in  £3ja 


Lemma  2 


= v\wvv-w  °sksr« 


where  ®0(^Q#n)  i®  defined  ss  zero  for  all  n > 1.  The  proof  of  Tjaam  2 ig 
immediate  o In  £23  it  was  shown  that 

(9) 


Thus  for  any  integer  k such  that  0 < k < rQV  it  follows  (subject  to  the  con 
vention  about  k ■ 0)  that 

\ 

(10)  ®a(^_  n)  “ EQ(X.  " ®(r~c  * fc^TT  + »®°  * E_(X  . . ) 

9 r*|D.  “ n £ n®*5?  i n°rA+l  0 p «4CoU-*k 


Thus  Lemma  2 follows. 


Using  both  I.sa’mas  1 and  2f  (7)  becomes 


<7' ) «,(«  • E9(Xr<)(n)  * £ Pr(«U)  )_% O.'J  - K9(\>n)j 

■ 'I*  Pr(r-ki  8)E80tj,  „)  - fl  - Pr(r-k|9)1  E (X  ) 

Jc*0  8 u-  k-0  9 ro*n 

r 

" ^ Pr(r-kla)  EQf^n),  since  Ee(X^n)  - 0, 

ThuB,  In  the  exponential  case,  formula  (4)  for  E((T)  simplifies  to  (7‘)° 

We  remark  paranthetloally  that  for  any  underlying  life  distribution 
(including  the  exponential),  the  e.d.f.  of  the  waiting  time  T,  Qg(t),  is 
given  by 

(11)  0ef  t)  - Pr(T  < t|  9)  - Pr(Xj,  <t£),  if  t<  T 

o* 

■ 1,  if  t > T * 
o 

This  result  can  be  useful  in  finding  out  more  about  the  waiting  time  that 
Just  its  expectation. 

In  a practical  situation  one  might  want  a truncated  test  without 
replacement  which  has  the  following  properties! 

(i)  T is  preassigned, 

o 

(ii)  The  OoCb  curve  should  be  such  that  L(80)  > 1 ••  a bbA 
L(O^)  < p0  0Q  and  9^  are  preassigned  and  0O  > 0^j 

It  is  quite  easy  to  accomplish  this  since  conditions  (l)  and  (ii) 
mean  in  effect  that  we  are  dealing  with  a binomial  situation  in  which  we 

-T/0i 

are  testing  pc  » 1 - 0"T0/9o  against  ■ 1 - e with  L(po)  > 1 - cr- 

oud L(pn)  < p,  5‘ated  in  binomial  terms,  we  are  seeking  a sample  size  n 
and  a rejection  number  r such  that  w®  will  accept  the  hypothesis  that 


\ 


p * Pq  if  the  number  of  defectives  (failures)  in  tha  sample  is  < rQ  -1. 

The  hypothesis  that  p « p will  be  rejected  if  the  number  of  defectives 

o 

in  the  sample  of  siza  n is  > rQO  The  detailed  calculations  in  any  given 
situation  are  greatly  facilitated  by  the  BinomirA  Tables  or  Tables 

of  the  Incomplete  Beta  Function  £63  . Tables  of  practical  interest  will 
appear  elsewhere. 

III8  Formulae  in  the  Replacement  Casa 

In  this  section  we  assume  throughout  that  the  underlying  p.d.f. 

1 -x/O 

of  the  life  of  items  is  given  by  f(xj9)  * ■=  e , x > 0,  9 > 0,  The  teat 

9 

i a started  with  n items  and  any  item  that  fails  is  replaced  at  once  by  a 

new  item  drawn  at  random  from  the  underlying  pBd.fa  The  experiment  is 

truncated  at  time  ain(X_  _8  T ).  where  X is  the  time  (measured  from 

V 0 ro'n 

the  beginning  of  the  entire  experiment)  when  the  r0!th  failure  occurs  and 
T0  is  a truncation  time  beyond  which  the  experiment  does  not  run.  It  is 
then  easy  to  show  that  the  probability  of  terminating  the  experiment  after 
exactly  k failures  have  occurred  is  given  by 


(12) 

and 

(13) 


Pr(r«kl  0)  - «r--  « 
k| 


-n  Tp/9 


r„-l 


(n  T^/9)  f k ■ 08  1,  2,  r 


0-1 


Pr  (r  - rc|9)  - 1 - Pr(r-ki9)e 


The  expected  number  of  observations  to  reach  a decision  is  given  by 
r r--l  r^-1 


(1U)  Ey(r)  k Pr(r=fc!e)  - ^ k p(k}7\0)  ♦ r0jjL  - p(kj^)j 

k $ 

where  p(kj/l©)  ^A I and  7\d  » n T^S* 


It  tail  be*  readily  shown  that-  (l/;)  simplifies  to 


<15) 


E (r)  *>  \ 
Q 9 


• r ■»  P 

— 

r -1 

p(k'  M 

* ^ 

t) 

H 

1 

tr  p(k;^^ 

k*0 

This  ia  in  a convenient  form  for  computation.  For  any  preuss^gn'xl  nT  arc) 
r t Eg(r)  can  be  found  easily  from  Molina’s  tables  on  the  Poio.Ton  distri- 
bution £ if]  or  from  the  tables  on  the  Incomplete  r-.fum.tion  [Y~j. 

The  expected  waiting  tima  EQ(T)  i9  given  by  a particularly  siapl' 
formula,  TTfiaotJ/  as  in  the  non-replacement  case  it  can  bo  shown  that 

r0**l  ~ "l 

(16)  E (T)  - E (X  -)♦■*§"  Pr(r-kJ-))  ? b,(X  |r»k)  ( 

3 0 ro*n  ' L 0 0 ro?nl  J 

Formula  0.6)  ''an  be  simplified  by  using  com*,  properties  of  the  exponential 
p,.cUf0  Two  lemmas  arc  i.ov?  stated.. 

Lemma  3t  Let  the  underlying  p,d, f.  of  the  life  distribution  be  i‘(x|(?)  »» 
x > Of,  3 ’’ . Let  n items  be  drawn  at  random  from  this  p.d.f,  and  put.  on 

life  tost.  Let  an  item  that  faila  be  replaced  at  once  by  a new  item  drawn 
from  the  underlying  p.d.f.,  then  the  conditional  expected  waiting  time  for 
the  ro  'th  failure  (time  measured  from  the  beginning  of  the  e)$>ertment) 
given  that  exactly  k failures,  0 < k < rQ  -1  have  occurred  by  time  *0  *» 
given  by 


U7)  | ■ T.  • vx- 

This  lesna  depends  on  results  proved  elsewhere  [3}' 

? ” 

This  is  A consequence  of  the  fact  that  F.  (XR  * o 9/n  for  any  integer  3, 


VVj-M5  k * 1*  2»  "",s  V1- 


(r  -k)Q 
0 


From  Lemmas  3 and  U,  (16)  becomas 


..,9., 


(18) 


r -1 


SU(T)  - Ea(y.  ) - Pr(r-kU) 

^ 0 ro»n 


r < v<>9  1 

n J 


efr.-i 

■ « 

»i 
e 

* ' B9(r)< 


r -1 


k Pr(r*l£f05  ♦ rQ  (1  - '£^  Pr(s*«kl0^ 


Also  in  analogy  with  formula  (?' ) in  the  non-replacement  case,  one  can  write 


J* 

(18«)  E0(T)  -|®  Pr(r-k|9)  ®e(^n) 


as  the  formula  which  expresses  the  expected  waiting  tine  for  the  truncated 
procedure  in  terms  of  the  unconditional  waiting  tines  to  get  the  first  r0 
failures. 

In  (7’)»  E (X  ) m a ( i ♦ -i-  —2—  ) ( non-replacement )0 

9 k,n  n n-l 

k0 

In  (18® )»  E-(X  ) « «—  (replacement). 

9 k,n  n 

Also  Pr(r«kj!e)  ie  given  respectively  by  (I*),  (2*)  or  (12),  (13)0 

Formula  (18)  bears  a strong  analogy  to  Wald's  fundamental  identity 

in  sequential  analysis  in  which  it  is  shown  that  under  suitable  conditions 

\“4|e  E(ZX ) * E(2)  E(n)„  The  2^'s  are  identically  distributed  random 

n 

variables  and  n is  the  smallest  integer  for  which  a < ^ 2 . < b is  not 

i-1  1 

satisfied  and  ’here  a and  fc  are  pre assigned  constants.  There  is  the 
important  difference,  however,  that  in  the  Wald  case  information  becomes 
available  in  diaorete  amounts,  whereas  in  the  life  test  situation  informa- 
tion becomes  available  continuously.  In  the  Wald  case  a decision  can  be 
made  only  after  some  integral  number  of  observations  has  been  taken.  In 
the  present  case  it  is  possible  to  stop,  hcsrevar,  id  it  takes  too  long  to 


-10 


make  the  kfth  observation.  0 < k < r_»  In  & life  teat,  information  becomes 
available  in  such  a way  that  one  does  not  actually  fail.  a first  item,  if 
it  takes  too  long  to  wait  for  the  first  item  to  £ail0  More  generally,  if 
one  has  k failures  and  a decision  has  not  yet  been  reached  to  either  a coopt 
or  reject,  then  one  does  not  actually  fail  the  {k*l)Bt  item  if  it  tskC'S  too 
long  to  get  it.  Much  more  will  be  said  about  this  question  v>hon  treat 
uequentialized  life  tsnts. 

It  practical,  situation  one  might  want  to  find  a truncated  toot 
with  replacement  which  has  the  following  properties: 

(i)  Tq  ia  preaaslgnedo 

(ii)  The  QeCo  curve  should  be  such  thatL(©0)  > 1 - a and  1(9^)  </0, 

where  Qq  and  0^  are  preassigned  and  SQ  > 0^„  Viewed  as  a teat  of  one  Poieson 

parameter  l/9  against  another  ■ l/9.  (the  'N  ca  are  expected  number 

o 

of  failures  per  unit  time),  this  is  equivalent  to  finding  a teat  procedure 
which  will  entail  observing  a Poieeon  process  having  average  occurrence 
rate  - l/Q^  for  a length  of  time  equal  to  nTQ  and  taking  the  action 
of  accepting  Ho  if  th©  number  of  occurrences  observed  in  the  time  nT0  is 
< rQ  •»  1 and  'rejecting  if  the  number  of  occurrences  in  the  time  nT0 

> ro» 

The;  details  for  carrying  out  the  foregoing  in  any  given  situation 
are  facilitated  by  Molina’s  tables  £ jQ  and  the  tables  on  the  incomplete 
T function  £ 7J  0 Using  these  tables,  suitable  integers  n and  r0  can 
always  be  found  so  as  to  make  L(9  ) > 1 - a and  L(S-,)  < 0.  Several  tables 
dealing  with  the  truncated  replacement  test  have  boon  prepared  ar.d  will 
appear  elsewhere o 


3.1.. 


IV0  A Test  Which  Is  Not  Truncated  At  A Fixed  Time  T0 


In  [J2*,\  it  was  proved  that  the  "best"  region  of  acceptance  for 
H in  the  Neyman-Pearson  sense,  in  the  non~replac ament  case,  for  testing 
a hypothesis  H.  that  9 9 against  alternatives  of  the  fora  9 ■*  0, 

v O X 

(eQ  > 9^)  based  on  the  first  r out  of  n ordered  observations  from  an 

exponential  distribution  is  of  thtt  fora  > C.  where 

r,n  ' 


(19) 


0" 

r,n 


T ♦ MT  4 f jr 

m 2jQ^  6 »q  ftfl^ 


+ (n-r)x 


r.n  . 


Both  r and  n are  pre assigned  integers.  It  is  easily  verified  that 
{J0)  VV**’’"r,n*(n-r)V,n,TOl>n‘<D-U  <*2,n"Il,n,*'"‘-*(n"r*1) 
Introducing  tow  random  variables  \ . defined  b7 


<21>  \ “ “l.n 

?1  * <*!,„  - Vl.n*  • 1 " 2,  3,  ....  r 

it  Is  clear  that  9 > C can  be  rewritten  as 

r.n 

(22)  \ x ♦ f a * ...  + ^ > *>• 

It  is  now  asserted  that  (22)  carries  with  it  the  implication  that  the  test 
is  truncated.  This  is  evident  since  the  ^'a  are  positive  random  variables 
whloh  are  aonotonieally  non-decreasing  as  time  goes  on.  ^ore  precisely  tha 
experiment  will!,  he  truncated  at  time  t]_  (with  acceptance  of  H0)  if  no  failures 
have  occurred  by  time  t^  ■ r C/n«  Nore  generally,  suppoos  that  i failures 
(1  < i < J^*l)  have  occurred,  without  reaching  a decision)  i.e.,  suppose 

i Wg 

that  ^ . < iC,  then  the  experiment  can  be  trunoated  before  the  (i+l)st 
k"l 

failure  ocours,  if  the  time  ti4„  between  the  i th  and  (i  * l)st  failure  is  euoh 


Truncation  would  occur  after  en  additional  waiting  i.  inte  of  b*  beyond  the 

time  x,  (when  the  i th  failure  occurs).  If  * .one  of  the  .inequalities  (23) 
i,n  ^ ^ 

are  true  for  any  0 < i < r-1  (define  7 \ 0,  if  i « 0)  then  tho 

K*I  ■*  *c 

experiment  will  be  terminat'd  after  the  occurrence  of  the  first  r failures 
In  this  car -v 


X-  £ 

f.2/»)  /._*>  i < rCr. 


i“l 

The  action  taken  on  the  basis  of  (2+)  ie  the  rejection  of  H t and 

c 


rin 


the  total  time  required  before  taking  this  action  would  be 

We  now  proceed  to  derive  certain  rropertien  of  the  test  based  on 

3p  n.  To  do  so  we  recall,  J^2]].g  that  the^l  are  independent  random  variublo8s 

^ '1  y/a 

each  of  which  la  distributed  with  tho  same  p„d,f»  » a ” / „ x > 0-  0 > 0* 

& ' 

Thuo  the  problem  has  been  reduced  to  one  to  which  the  theory  of  section  3 
can  ba  applied*  From  the  theory  developed  there  5 t follows  at  one©  that 


(25) 
and 

(26) 


(27) 


Pr(  P « k j 0)  « p(kj  ji^)t  k - 0,  1,  2,  .....  r-1 
1 r~1 

M y>  » rj  Q)  * 1 - > p(kj^)„ 

In  (25)  and  (26)  ^ “ r C/9  and  p(k j y^'j  e j^/kj 


Thus  in  analogy  with  (l U)  and  (15 ) wc  have 


1 — r~2 

I 21 


M 

r 

r°l 

1 - 21  'i1, 

IR)  ' 


Further  ^(T),  the  expected  waiting  time  to  reach  a decision,  can  be 


written  as 


3.3” 


(28) 


tf'*>  M<?  * k\  0) 


where  Pr(  - ki  0)  is  given  by  (25)  and  (26)  and  is  given  by  (9) 

with  r replaced  by  k« 

0 

Finally  L(0),  the  probability  of  accepting  3-0  when  0 is  true 

i^-l  ° 

ie  given  by  L(0)  - pCki^^)* 

Up  to  tills  point  in  the  present  section  we  have  been  treating  the 

non-re  placement  situation  It  is  interesting  to  see  what  happens  if  failed 

items  are  replaced  at  once  by  new  items  drawn  from  the  p.d.f8  i e ~3^90  As 

9 

in  Section  3»  let  x^q  be  the  time  when  the  k th  failure  occur'  (whether 

it  be  an  original  item  or  replacement  item)  measured  from  the  beginning  of 

the  experiment.  It  can  be  shown,  in  the  replacement  case,  that  if  one  starts 

with  n itemaj  then  the  "beat"  region  of  acceptance  for  H in  the  Neyman-Pearson 

o 

sense  for  testing  a hypothesis  HQ  that  9 ■ 0Q  against  alternatives  of  the  form 
0 « 


3,  (0,  > 0 ) based  on  the  first  r failure  times  x.  ,r.  » 

A * ° J-*n  2tr, 

of  the  form^  > C,  where  0 is  now  simply  equal  to 


o o O e X IS 

9 rpn 


(29) 


A 

0 


rDn 


n *t,r/r- 


Thus  the  region  of  acceptance  for  H is  of  the  fora  x > C*  , 

o r,n 

But  thie  means,  of  oourse,  that  we  are  dealing  with  a trunoated  test„ 

x > C*  as  a region  of  acceptance  means  in  words  that  the  test  is  terminated 
r,n 

at  min  (X  C*)  with  acceptance  of  Hq  if  truncation  occurs  at  C*  and 


r,n 


rejection  of  H0  if  truncation  occurs  at  X, 
is  completely  applicable. 


r.n 


Thus  the  theory  of  Seotion  3 


Vo  A Numerical  Example 

iMfennni  i.i  mimr  as—  > iw 

As  an  illustration  of  the  theory  we  consider  three  test  procedures 
which  have  essentially  the  same  0oCo  curve 0 Specifically,  it  is  assumed  that, 


1 "My  v 

uhft'c  the  underlying  ij„d„f»  is  I\xj9)  » £ , x > 0,  0 > 0o  V.’a  wish  is 

test,  H0i  0O  ■ 1500  hours  Against  H^t  0^  **  500  hours,  with  a • 0 » ,05; 
i„e„,  we  want  L(9Q)  • 1 - a ■ 095  and  L(0^)  • 0 ■ ,05,  Cue  to  the  feet 
that  wo  are  limiting  discussion  to  non-ran ionized  tests,  we  will  be  aatis=> 
fled  with  a test  procedure  for  vhich  L(90)  ■ *95  and  L^)  < ,05, 

Using  the  results  in  [jZ^and  in  the  earlier  part  of  this  report 
it  can  be  readily  verified  that  the  following  three  t arts  have  virtually  the 
same  0,C«  ounre  1 


(A)  20  items  are  taken  at  random  from  the  lot  and  placed  an 
teste  Items  whioh  fail  are  not  replaced.  At  each  moment  t,  compute 

V (n-k+Dxj^  ♦(n-i)  (t-»x^  n),  where  1 is  the  number  of  failures  whioh 

have  occurred  befo  time  t.  If  this  sum  exceeds  81 50  for  any  i such 
that  0 < i < 9.  stop  the  experiment  at  time  t and  accept  H , If  10  fail- 
ures  occur  and  this  sum  is  lass  than  8150,  then  reboot  H (accept  As 

pointed  out  in  Section  4 this  test  is  equivalent  to  accepting  HQ  if  ^ > 81 5 
and  reacting  Hq  if '0^  20  < 815. 

(B)  20  items  are  taken  at  random  from  the  lot  and  placed  on  test. 

Failed  items  are  not  replaced.  If  min  540  1 " 540  truncate  the 

experiment  at  time  540  hours  with  the  acceptance  of  3 « If  min T X ,540 j - X 

0 1 »-  10,20  i 1qp 

truncate  the  experiment  at  X with  the  rejection  of  H 0 

10,20  0 

(C)  20  items  are  taken  at  random  from  the  lot  and  placed  on  test. 

An  item  whioh  fails  is  replaced  at  once  by  a new  item  from  the  original  lot. 

The  time  X^  Q when  the  i th  failure  occurs  is  measured  from  the  beginning  of 
the  experiment.  If  sin^X^  407. 5J  * 407,5,  truncate  the  experiment 


at  407,5  hours  with  the  acceptance  of  Hq«  If  min £3^  ■ , 407,  * X 

truncate  the  experiment  at  X^Q  ^ 


10,20 


•15- 


f 


f; 

j 

i. 


It  folio*8  from  Section*  3 end  4 that  the  Q.C,  curves  and  the 
probability  of  terminating  experimentation  with  exactly  r ■ k observations 
(0  < k < 10)  and  henoe  (in  particular)  Eg(r)  are  exactly  the  aa me  for  pro- 
cedures A and  C.  In  Table  1 vie  give  L(o),  Eg(r),  and  Eg(T)  for  the  teatB 
A,  B,  C at  selected  values  of  0. 


Table  1 

Properties  of  Ttiree  Test  Procedures 


Mean  Life  9 

L(e) 

Ee(r) 

Ee(T) 

A 

B 

C 

A 

B 

C 

A 

B 

C 

250 

.000 

.000 

,000 

10 

10 

10 

167.2 

167.2 

125.0 

500 

.038 

.043 

.038 

9.93 

9.94 

9.93 

331.4 

331.6 

248.3 

750 

•355 

.366 

.355 

9.10 

9.25 

9.10 

444.7 

453.5 

341.3 

1000 

.698 

.702 

,69  8 

7.68 

8.06 

7.68 

481.8 

509.1 

384.0 

1250 

.876 

.87? 

.876 

6.19 

6.93 

6.39 

484.8 

529.2 

399.3 

1500 

o950 

.950 

.950 

5.39 

6.02 

5.39 

474.7 

536.0 

404,5 

1750 

.979 

.979 

.979 

4.64 

5.10 

4.64 

466.0 

538.3 

406.3 

2000 

.991 

.991 

.991 

4.C7 

4.73 

4.07 

458.3 

539.4 

407.0 

2250 

.996 

,996 

.996 

3.62 

4.2? 

3.62 

452.3 

539.7 

407.3 

2500 

,998 

.998 

.998 

3.26 

3.88 

3,26 

447.3 

539.9 

407.4 

It  is  easy  to  verify  that  for  all  three  procedures  lim  E (r)  *»  10 

and  lia  E0(r)  • 0,  Further  for  procedures  A and  B,  lia  E9(T)/F  .(X^q  ^ m 1° 
00  &-%>Q  * 

Hence  Eft(T) ‘’'■'.668779  as  B^O.  For  procedure  C,  lia  E$(T)/9  - 1/2C  As 
9 0^0 
Q^oo,  lias  E_(T)  ■ 407® 5 in  procedures  A ana  C and  ■ 540  in  procedure  B. 

!HCD  9 


I 


J.t  is  quit**  that  Procedures  A.,  D,.  and  »r e not.  -n.1 -in’, >•.;>  in  y.v. 

reopeets.  It  should  bo  possible  to  truncate  with  a smaller  E^r)  as  9 gets 
small  and  wi;  . a smaller  E^(T)  as  0 gets  large,  We  shall  study  this  question 
in  a report  dealing  with  sequential! zed  life  testa.  In  any  event  we  can  seo 
already  that  by  taking  advantage  of  the  fact  that  failures  are  ordered  in 
tin«J,  it  will  be  possible: 

(1)  to  come  to  a decision  (rejection  of  H0)  after  a short  valuing 
time  (small  E (T)  ) if  the  mean  life  is  low  and 

(2)  to  coma  to  a decision  (acceptance  of  H ) after  a small  number 

o 

of  failures  (email  Eg(r)  ) if  the  mean  life  is  large.  If  the  mean  life  — ^ co , 

lb  will  be  possible  to  stop  (with  acceptance  of  H ) at  some  time  T*  without 

o 

any  failures  at  all  occurring. 


r 


«* 
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